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Abstract 

In an incomplete market driven by time-changed Levy noises we consider the problem 
of hedging a financial position coupled with the underlying risk of model uncertainty. Then 
we study hedging under worst-case-scenario. The proposed strategies are not necessarily 
self-financing and include the interplay of a cost process to achieve the perfect hedge at the 
end of the time horizon. The hedging problem is tackled in the framework of stochastic 
differential games and it is treated via backward stochastic differential equations. Two 
different information flows are considered and the solutions compared. 

Keywords: model uncertainty, hedging, BSDEs, stochastic differential games, time-change, 
martingale random fields. 

MSC2010 Classification: 93E20, 91G80, 60G60, 60G48 
JEL Classification: Gll, 070 


1 Introduction 

In a stylized incomplete market on the time horizon [0,T] (T > 0), we consider the problem of 
hedging a contingent claim coupled with the underlying risk of an uncertain model description. 
This is referred to as model ambiguity in the literature, see e.g. [CEn2] . We choose to consider 
a conservative evaluation of such exposure to model ambiguity by measuring the robustness of 
the strategy in terms of a worst-case-scenario risk measure. In fact, on the complete filtered 
probability space P), M = {Ait, t G [0,T]}, we fix the dynamic coherent risk measure 

a( 0 :=esssup t e [0,T], (1.1) 

QgQm 

where Qm is the set of all scenarios considered, which are given by the probability measures Q 
equivalent to P on the future outcomes (H, AIt)- The risk measure p is well-defined and finite 
for all financial positions f integrable with respect to all Q G Qm- This risk measure is naturally 
connected to the concept of worst-case-scenario, associating the risk evaluation with the highest 
expected value on the downside of the position over all Q G Qm- For this reason it is also a 
conservative evaluation of the risk exposure. 
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^Department of Mathematics, University of Oslo, P.O. Box 1053 Blindern, N-0316 Oslo. Email: 
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The financial market presents two investment possibilities: a saving account with price dynamics 
given by 

= 1 , ( 1 . 2 ) 

which is used as numeraire, and a stock with price dynamics of the type 

= atS^^Ut + atS^^UBt + [ -ft{z)sfjH{dt,dz), > 1. (1.3) 

■/Mq 


The driving noises B and H are a doubly stochastic Gaussian and Poisson type measures, 
respectively related to a time-changed Brownian and Poisson process. The parameters r, a, 
a, 7 are caglad adapted stochastic processes and fields. To ensure the existence of a square 
integrable positive solution and to allow further analysis, we assume that \rt\ < C (for some 
(7 > 0) P X dt-a.e., 7 t(z) > — 1 P x A-a.e., and 


E 



||at| + <7? Af + 


ln(l -h 'jtiz)) - 'ytiz)\iy{dz)X^'^dt 


< oo. 


The elements u, (A^, A^), and A are associated to the behaviour of the jumps in these dynamics 
and the intensity of the (stochastic) time distortion applied, see the next section for details. 


Price dynamics of this type include various well-known stochastic volatility price models such 
as |CGMY03] . where time-change of a pure jump Levy process is used to take the erratic 
behaviour of volatility into account by mimicking the transition between a real-time clock to a 
transactions-time clock. See also e.g. |BNNS02] . |Hes93] . |HW87] . |SS91] where the stochastic 
volatility models lead to dynamics driven by time-changed Brownian motions, which are the 
doubly stochastic Gaussian noises in this paper. Also in the credit risk literature we can find 
examples of price dynamics of the type above. See e.g. |Lan98] . where doubly stochastic Poisson 
processes, also called the Gox processes, are largely used in the modelling of prices subject to 
default risk. 


In the market above, we consider a financial claim F S L^(fl, Ad-r,P) with payoff at T > 0 and 
the M-predictable hedging strategies represented by the triple {7r,V'^ i.e. is the wealth 
invested in the stock at t representing the market portfolio, the value of the strategy on the 
market, and C[ is the cost process. We denote Vq = u > 0. We assume that 


* “ 5(1) * ^ 5(0) * 

= {y^n + TTt{at - rt)'^dt + ■KtCTtdBt + 


'nat{z)H{dt,dz 


(1.4) 


and that Cf = pt{e~■ft — F)). We assume that (II.4p admits a unique strong solution 

for any admissible tt (see e.g. |Jac79| for conditions). Moreover, we require that the solution is 
square integrable, and for this we assume 


E 



at - n\\n\ + laiCrtpAf -h 


\TTt'yt{zyi^{dz)X^'^dt 


< 00. 


(1.5) 


Moreover, the process is also assumed square integrable. 

The process Yf" := , t > 0, is called the (total) price of the strategy. The hedging of 

F is obtained for a strategy (vr, V^, C") that yields = F. Note that Yq = v + Cq is Ado- 
measurable and, if the hedging strategy has = 0, then the market investments are enough 
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to self-finance the hedge. It is only in a complete market that it is possible to hedge all claims 
with these self-financing strategies. 

We observe that for any hedging strategy (vr, , C^) with = F we have 

p^[e-St rsds^Yf - F)) = 0, t e [0,T]. 

This means that the risk given by the spread between the discounted final strategy price and the 
actual claim is zero according to the risk measure given, and actually all coherent risk measures. 

Hereafter, we consider the problem of hnding a hedging strategy for F such that 

= Yt, t & [0,T], where 

Yt := ess inf - F) - vA, t G [0,r]. (1.6) 

ttGIIm \ / 

Hence the strategy tt minimizes the risk associated to the total price. Clearly Y^ = Yt = F. 
Here above, the set Hm denotes the admissible strategies. 


Considering the risk measure we can write the problem ()1.6p in the following way: 


y* = Yt = ess inf ess sup Eq [ - (e” ^sdsyn _ yn _ /f r^dsy^ 
ttGUm QgSm 

rT 


= ess inf ess sup Fj; 
TreUM QgQm 


e- /f '^sdsp - e- SS ^-^^TTsias - r,)ds 


e St ^^‘^^TTs(7sdBs 


r [ e-S:-^<^'^7rs7siz)H{ds,dz) 
J t 


Mt 


(1.7) 


A solution to the problem (11.71) corresponds to finding (vr, Q) G Hm x Qm such that 


Y = E. 


e- t^sdsp - e- SS ^^^^TTsias - r,)ds 

- e~ St 

- r [ e-S:^^^^TTsjsiz)H{ds,dz) 

J t t/Mn 


, t G [0,r]. 


( 1 . 8 ) 


The cost of the hedge is then Cf = St t-sds^jp — To have a unique description 

of the optimal strategy, we set F^PCq] = 0 and v = 

This kind of approach to hedging is treated in |Dell2| (see also |Dell3| l in the context of a 
hnancial market driven by a Brownian motion and an insurance payment process driven by a 
Poisson process. See also |BP15| for a study of a similar problem within an insurance perspective, 
but Brownian driven dvnamics. We also refer to [Kar m, where a first study of this problem is 
given in the context of a market driven by a Brownian motion and a doubly stochastic Poisson 
noise. Comparatively, in the present paper we consider a more general market model and a 
substantially different structure of admissible strategies. 
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The admissible scenarios are described by a measure change via shift transformation. With 
respect to this, we suggest a version of the Girsanov theorem that explicitely deals with time- 
change. We note that, in this context, the measure change is not structure preserving in general. 
The hedging problem (ll.7jl - (jl.8p is tackled using backward stochastic differential equations (BS- 
DEs) and stochastic differential games. Our study is carried through in the context of two 
different filtrations: M = F, which is substantially the information flow generated by the noises, 
and M = G, which is the filtration that, additionally to F, includes initial knowledge of the 
time-change process. These two settings lead to different BSDEs depending on their measur¬ 
ability properties. We treat the solutions exploiting the martingale random field properties of 
the driving noises and, in the case of G, we also rely on the better explicit structure of the noise 
(which allows for a more explicit stochastic representation theorem). 

In the case of information flow G, BSDEs driven by doubly stochastic Levy noises are treated 
in |DS14j . We also mention that these integral representation theorems are studied in [DS13] 
with different approaches: via chaos expansions and via the non-anticipating derivative (see also 
[PRO?] for a review on stochastic derivation). As for filtration F, we rely on the general results 
of [CFSOSj . which we adapt to the random held set-up. 

Even though we can regard the information how F as partial with respect to G, the problems 
presented here are not the same as in the study on BSDEs with partial information, see e.g. 
|CCR14] in the case of mean-variance hedging. 

Finally, we remark that the hedging criteria we consider differs from mean-variance hedging in 
the objective function to minimize: mean-variance hedging identihes the strategy by minimizing 
the quadratic cost, see e.g. [.TMSS12] in the context of prices modeled by general semimartin¬ 
gales, and |Lim05] for the case of dynamics driven by a Brownian motion and doubly stochastic 
Poisson noises. 

The paper is structured as follows: the next section provides details about the framework and 
the BSDEs considered. In Section 3, we study shift transformations, while Section 4 is dedicated 
to the actual solution of the hedging problem in the two information flows considered. Section 
5 concludes with comments on the results obtained. 

2 The framework and preliminary results 

Hereafter, we give full detail of the noises considered in (11.31) and the stochastic structures used. 
For this we refer to |DS14j and |DS13] . In particular, we apply stochastic integration with 
respect to martingale random helds, see [DElDj and [CW75| . 

2.1 The random measures and their properties 

Let (D,J^, P) be a complete probability space and X := [0,T] x M. We will consider X = 
([0,T] U {0}) U ([0,T] X Mo); where Mq := K \ {0} and T > 0. Clearly, [0,T] U {0} ~ [0,T]. 
Denote Bx the Borel u-algebra on X. Whenever we write A C X, we intend a set A in Bx- 
The two dimensional stochastic process A := (A^, A^) represents the intensity of the stochastic 
time distortion applied in the noise. Each component A* for I = B,H, satishes 

i) A^ > 0 P-a.s. for all t G [0,T], 

ii) lim/i_).oP(|Aj_|_^ — Aj| > e) = 0 for all e > 0 and almost all t G [0,T], 

hi) E [ \\ dt\ < oo. 
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Denote the space of all processes A := (A^, X^) satisfying i), ii) and iii) by C. 
Correspondingly, we define the random measure A on X by 


1 1 

A(A) := J Xf dt + j J z) iy{dz)X^dt, 


A G X. 


( 2 . 1 ) 


Here is a (deterministic) cj-finite measure on the Borel sets of Mq satisfying 

/ z"^ u{dz) < oo. 

-/Mq 

We denote the cr-algebra generated by the values of A by J-^. Furthermore, denotes the 
restriction of A to [0,T] x Mq and A-® the restriction of A to [0,T] x {0}. Hence A(A) = 
A'®(A n [0, T] X {0}) + A^{A n [0, T] x Mq)) A C X. Here below we introduce the noises driving 
the stochastic dynamics. 


Definition 2.1. B is a signed random measure on the Borel sets of [0, T] x {0}, satisfying 
Al) P(^H(A) < X = f(^B{A) < X A®(A)) = ^>(-^=|=), x G M, A C [0,r] x {0}, 

A2) B{Ai) and B{A 2 ) are conditionally independent given F^ whenever Ai and A 2 are disjoint 
sets. 


Here stands for the cumulative probability distribution function of a standard normal random 
variable. 

H is a random measure on the Borel sets of [0,T] x Mq; satisfying 


A3) P(^F(A) = k F^^ = f(^H{A) = k A^(A)) = A5|^e-A"(A)^ A; g N, A C [0,T] x Mq, 

Af) H{Ai) and H{A 2 ) are conditionally independent given F^ whenever Ai and A 2 are dis¬ 
joint sets. 


Furthermore, we assume that 

A5) B and H are conditionally independent given F^. 

Substantially, conditional on A, we have that H is a Gaussian random measure and H \s a. 
Poisson random measure. We refer to [CTiT^ or [Kal97| for the existence of the above conditional 
distributions. 

Let H .= H — be the signed random measure given by 

H{A) = H{A) - A^{A), AC[0,T]xRo. 


Definition 2.2. We define the signed random measure /i on the Borel subsets of^ by 

/x(A) := H(^An [0,r] X {0}) +#(An [0,r] X Mo), ACX. (2.2) 

The random measures B and H are related to a specihc form of time-change for Brownian motion 
and pure jump Levy process. More specifically define Bt := i?([0,t] x {0}), Af := f^Xfds, 
ht ■= fo and Af := X^ ds, for t G [0,r]. 
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We can immediately see the role that the time-change processes and play by studying 
the characteristic function of B and i]. In fact, from [Alj] and [A3)] we see that the conditional 
characteristic functions of Bt and rjt are given by 



Ro 


Indeed, there is a strong connection between the distributions of B and the Brownian motion, 
and between r] and a centered pure jump Levy process with the same jump behavior. The 
relationship is based on a random distortion of the time scale. The following characterization is 
due to |Ser72l Theorem 3.1] (see also |Gri75j i. 

Theorem 2.3. Let Wt, t G [0,T], be a Brownian motion and Nt, t G [0, T], he a centered pure 
jump Levy process with Levy measure v. Assume that both W and N are independent of A. 
Then B satisfies [Ai^[ - ()2.3I) and \A2)\ if and only if, for any t >0, 

and ?7 satisfies [A3j| - (l2.4p and \A4)\ if and only if, for any t > 0, 

ht = N^H. 

In addition, B is infinitely divisible if A^ is infinitely divisible, and rj is infinitely divisible if 
is infinitely divisible, see |BNMS06l Theorem 7.1]. 


2.2 Stochastic non-anticipating integration and representation theorems 

Let us define = {Bjf, t G [0, T]} as the hltration generated by /i(A), A C [0, t] x M, t G [0, T], 
In view of (12.2h . Al) and A3), we can see that, for any t G [0, T], 


V V f !^ 


t 5 


where F^ is generated by B{/A n [0,T] x {0}), F^^ by H{/A n [0,T] x Mo); and F{j" by A(A), 
A G [0, t] X M. This is an application of [WinOll Theorem 1] and |DS13[ Theorem 2.8]. Set 
F = {Ft, t G [0,T]}, where 

Ft ■.= (^Ff. 

r>t 

Furthermore, we set G = {Gt, t G [0,T]} where Gt ■= FtVF^. Remark that Gt = Ft, Go = 
while Fo is trivial. From now on we set F = Ft- 


Lemma 2.4. The filtration G is right-continuous. 


Proof. This can be shown adapting classical arguments for the Levy case as in e.g. |App04 
Theorem 2.1.9]. □ 
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For A C {t,T] X M, the conditional independence [A^ and [A4)| means that 

E[fi{A)\gt] =E[/i(A)|j-tV^^] =E[p(A)|^^] = 0 . (2.5) 

Hence, p is a martingale random field (with conditional orthogonal values in with 

respect to G in the sense of [DEIO] (see Definition 2.1), since 

• // has a fj-finite variance measure 

m(A) :=E[/i(A)2] =E[A(A)], A C X, 


with m({0} X M) = 0, 

it is additive on pairwise disjoint sets in Hx and cr-additive with convergence in L^, 

H is G-adapted, 

it has the martingale property (12.511 . 

H has conditionally orthogonal values, if Ai, A 2 C {t, T] x M such that Ai n A 2 = 0 then, 
combining |A2)[ |A4)[ |A5)| and (12.5D , 


E 


/r(Ai)p(A2) 


Gt 


= E 






E 






= 0 . 


In |CW75] there is a discussion about martingale (difference) random fields and the role of 
ordering associated with the information flow. In their terminology the martingale random 
fields here treated is both a “strong” and a ‘weak” martingale. 


Denote as the subspace of L^([0,r] x M x Gl,Bx x X", A x P) of the random fields admitting 
a G-predictable modification, in particular 


r T 


:= E 


/ 


4>s{0f + 


1 

JI 


u{dz)X^ds 


0 


0 Ro 


< 00. 


( 2 . 6 ) 


For any gIq, we define the (Ito type) non-anticipative stochastic integral I : 
by 



0s (0) dBg + 


j j fisiz) H{ds,dz). 

0 R.Q 


We refer to [DEin| for the details on the integration with respect to martingale random fields 
of the type discussed here. Recall that / is a linear isometric operator: 


^E[m^]=\\I{<P)h2^n,T,F) = Mx^- 

Because of the structure of the filtration considered, we have the following result (see |DS14j l: 
Lemma 2.5. Consider ^ £ L^(D,X'^,P) and (j) G Xg- Then 

c/(0) = im, 

whenever either side of the equality exists as an element in L^(D,X', P). 
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Remark 2.6. It is easy to see that the random field ^ is also a martingale random field with 
respect to F and the non-anticipating integration can be done also with respect to F as for G. 
We denote Xp the corresponding set of integrands. However, results such as Lemma \2.5\ and the 
forthcoming representation would not hold. See also WSl^ Remark f.f]. 

We remark that Hjf := a{p,{A), A C [0,i] x M} = it{/(01a), A C [0, t] x M), (/> S Xp} (indeed 
g.{A) = and Qt := it{^(A), A C [OX] x M;A(A),A C [0, T] x M} = A C 

[OX] X M), fie Xg} 

The following representation theorems are given in [DS14] . 

Theorem 2.7. Integral representation theorem. Assume G X^(X,X', P). Then there 
exists a unique fi eX^, such that 


T 

i = j j fis{z)pi{ds,dz). (2.7) 

0 K 


Note that the two summands in (EID are orthogonal. Here E[^ JX"^] represents the stochastic 
component of ^ that cannot be recovered by integration on p. 


Remark 2.8. The existence of such a representation is treated in J.ISOA Chapter 3], where the 
result is obtained after a discussion on the solution of the martingale problem. In JDST^, the 
existence and uniqueness of the above representation is proved by classical density arguments 
inspired by f0ksOA Section 4j and \L0kO^ . In IDS 13^ . the representation is given with respect 
to H using orthogonal polynomials. There, an explicit formula for the integrand fi is derived 
by means of the non-anticipating derivative with respect to G, see IDSl 31 Theorem 5.1]. This 
result holds for more general choices of , but with an assumption on the moments. The 
non-anticipating derivative is well-definied with respect to any martingale random-field with or¬ 
thogonal values and is an operator on the whole X^(X,X’,P). The random variable = £'[^|X'y] 
is characterized by having non-anticipating derivative identically null. 

There are other related results in the literature, e.g. in \YabOI . Proposition 41] the same rep¬ 
resentation is proved for a class of Malliavin differentiable random variables (Clark-Ocone type 
results). 

If an T]]-measurable ^ is considered, then an integral representation is given in the general 
context of (marked) point processes, see for instance ]Bre81i Theorem 4-12 and 8.8] or lDav76[ 
BVW7^ \ Jac75l . Theorem \2. 7| differs in the choice of filtration, which also leads to different 
integrals. In \Bre81[ Dav76, \BVW7^ \Jac751( , the integrator in the representation theorem is 
given by H — D, where d is -predictable compensator of H . Our is not -predictable. 


Theorem 2.9. Martingale representation theorem. 

martingale. Then there exists a unique fieiG such that 


Assume Mt, t G [0,X], is a G- 


L 

Mt = ¥[MT\H^] + j j fisiz)fi{ds,dz), t G [0,T]. 


We observe that, in the case we consider ^ to be a martingale random field with respect to F, 
the corresponding results take a different form. See [DElOj . In particular, we have: 
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Theorem 2.10. Integral representation theorem. Assume ^ P). Then there 

exists a unique 4> such that 


T 

^ = f + j j Kds,dz), ( 2 . 8 ) 

0 R 

where is a random variable in L^(0, P) orthogonal to the integral part. 

In terms of the non-anticipating derivative with respect to F as studied in [DElOj . the random 
variable is characterised by having derivative identically null. 

2.3 Backward stochastic differential equations driven by ^ 

The problem of hedging considered in this paper leads to different types of BSDEs depending on 
the information considered. Hereafter, we give an overview of the results needed in the sequel 
related to both types. In particular, the comparison theorems will play a central role in the 
solution of the optimisation problem (11.71) . Our references are |DS14j and |CFS08] . 


2.3.1 Information flow G 

In the case of information flow G, the BSDE of reference is of the form: 


Yt = ( + 



T 


t 


(j)s{z) p,{ds,dz), te[o,r]. 


(2.9) 


Given a terminal condition ^ and a driver (or generator) g, a solution is given by the couple of 
G-adapted processes {Y, cj)) on (0,7^, P) satisfying the equation above. Hereafter, we characterise 
explicitly the functional spaces in use and the elements of the BSDE to obtain a solution. 

Let S’tj be the space of G-adapted stochastic processes Yt{uj), t £ [0, T], w £ D, such that 


ni5c:=WlE 


/E 

sup Ftp 

i/ 

Lte[o,r] J 


< oo, 


and let "Hf be the space of G-predictable stochastic processes /t(w), t £ [0, T], a; £ D, such that 


r T 



0 


< oo. 


Denote the space of functions (/> : M —)• M such that 


-|- J (p{z)‘^ n{dz) < oo, 


where v is the jump measure of the market dynamics. 

Definition 2.11. We say that {^,g) are standard parameters when ^ £ L^(D,J-', P) and g : 
[0,T] X [0, oo)^ xMx<I>xD—>-]R such that g satisfies the following conditions: 
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g.{^,Y,(j),-)is G-adapted for all X & C, Y £ Sq, (p ^Ig, 
g.{X.,0, 0, •) £ ^2 ) all X & C 
there exists Kg > 0 for which 

+ |(/.(^)(O)-0(2)(o)|Va^+^ 


J \4>^^'>{z) — (l)^'^l{z)\'^ i'{dz)'/^ 


• for all {X^, X^) & [0,oo)‘^ €R, and ^ dt x dF a.e. 

Theorem 2.12. Let {g,f,) be standard parameters. Then there exists a unique couple {Y,(p) £ 
Sg X Ig such that 


Yt = ^ + 


1 

9s : ^s) ds // (psiz) g{ds, dz) 


= i + 


1 11 

J gs{Xs,Ys,(ps) ds - J (ps{0)dBs - J J (ps{z) H{ds,dz). (2-10) 


Remark 2.13. The initial point Yq of the solution Y is not necessarily a (deterministic) con¬ 
stant. From the definition ofG and (|2.1UI) . we see that Yq is a square integrable -measurable 
random variable. To be specific, we have: 


>o = E 


= E 


1 11 
+ J gs{Xs,Ys,(ps) ds - J (ps{0)dBs- J J (ps{z) H{ds,dz) 




0 Mq 


e+ 


1 

J dsi^SjYg, (ps) 


ds 




For a linear BSDE of the form (I2.11jl . there exists an explicit representation of the solution. 
Theorem 2.14. Assume we have the following BSDE: 


-dY = 


AtYt 


+ Ct + Et{t))(Pt{^)^J^ + f Et{z)(Pt{z)iz{dz)^JXf 

Ro 

(pt{0)dBt-J (pt{z)H{dt,dz), Yt = i, 


dt 


( 2 . 11 ) 


where the coefficients satisfy 

i) A is a bounded stochastic process, there exists Ka > 0 such that \ At\ < Ka for all t £ [0, T] 
P-a.s., 
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ii) C € 

Hi) E elG, 


iv) There exists a Ke > 0 such that 0 < Et{z) < Kez for z € Mq; |-Et(0)| < Ke 
dt X dF-a.e. 


Then (j2.11|) has a unique solution {Y, cp) in Sg x Zg and Y has representation 

T 


where 


Y = E 


^Tir + jrtCsds 

t 


Qt 


, t G [0,T], 


r* := exp I j An- ^EuiOfl{xBj^o}du + j K(0)^ 




dB,, 


+ 11 + n{dz)X^du 


+ 


VY Y/Y ‘ 

\n[l + Eu{z)^^j^^) H{du,dz)\, s>t. 

V 


Note that Ff = pj. 

The next result is a comparison theorem. This result is crucial in the solution of the optimisation 
problem (ILZI). 

Theorem 2.15. Comparison theorem. Let and be two sets of standard 

parameters for the BSDE’s with solutions {Y^^\ , {Y^'^\(p^'^'l) G 5g x Xq,. Assume that 

gf\\yA,^) =/t(y,'^(0)K(0)\/T®, f (p{z)K{z)iy{dz)y/>fd^uy 

Ko 


where k gIq satisfies condition iv) from Theorem \2.14\ o.'B-d f is a function / : [0, T] x M x M x 
M X n —)• M which satisfies, for some Kf > 0, 

\ft{y, b, h) - ftiy', b', h')\ < Kf (|y - y'\+ \b - b'\+ \h - h'\), 

dt X dP a.e. and 


E 


l/t(0,0,0)|2dt 


< oo. 


0 


If P-a.s. and gs^\Xs,Yj^\(p^P) < g^^\Xs,Ys^\(p^^'^) dt x dP-a.e., then 


yA) < y^(2) ^ dP-a.e. 
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2.3.2 Information flow F 


In the case of information flow F the BSDE of reference takes the form: 
fT r rT 

where 


fs{Ys,(l)s{z)){ij){ds,dz) - f [ c/)s{z)iJ.{ds,dz) - Nt + Nt, (2.12) 

: Jt JR 


(i) ^{dt,dz), t G [0,T], G K, is the (F, F)-martingale random field (12.21) . 

(ii) {fj,){dt,dz) is its conditional variance measure, see [DElOj Theorem 2.1, which is in fact 
the correspondent to the conditional quadratic variation for martingales, see [Pron5| . and 

(iii) N, with Nq = 0, is a square integrable (F, P)—martingale orthogonal to /r, i.e. for every 

set A G for '■= /r((0,t] x A), t G [0,T], the quadratic variation [N,^{A)] is a 

uniformly integrable martingale. 


Moreover, we have 


{^i{A))t= [ [ Xf6{o}{dz)ds + f [ lMoiz)u{dz)X^ds. 

Jo Ja Jo Ja 

The existence and uniqueness of the solution of (12.121) is treated adapting Proposition 2.1 and 
Lemma 2.2 of [CESOSj to the martingale random field case. Here we present the variation of 
these results in the form used later. The definition of standard parameters is analogous to 
Definition 12.111 but referred to F. The same is intended for the spaces involved. BSDEs of the 
type (I2.12P with standard parameters admit a unique solution, which is characterized by the 
triple (T, (j), N). 


Lemma 2.16. Let a,b,c be ¥-predictable random fields with a bounded and 

rT r 


E 


bsi^){l^)ids,dz) 


'0 


< oo. 


Let £ be the Doleans exponential of the martingale random field Jq J^bs{z)p,{ds,dz), t G [0,T], 
and define 



V’t:=exp / / asiz){n){ds,dz) ], = tG[0,T]. 


Suppose that 


(i) £ is a positive uniformly integrable martingale; 


(ii) E[(suptg[o,T] < oo. 

(iii) E[/(f /jjT^( 2 ;)cs(z)(/i)(ds,(iz)] < oo. 

If the linear backward equation 

dYt = - J (^at{z)Yt + btiz)(j)tiz) + cfiz)^ {g){ds,dz) + 


4)t{z)pL{dt, dz) + dNt 

(2.13) 


has solution (Y, N) in SfxZfxC^’’^, where is the space of L"^—bounded (F, F) —martingales, 
then Y is given by 


Y, = E 


+ f 

Jt 


—Cs{z){fi){ds,dz) 


Ft 


0 < t < T. 


(2.14) 


12 



















Proof. The result presents weaker assumptions on the coefficients compared to Lemma 2.2 in 
[CFSnSj which serve better the applications to come. However, the proof follows substantially 
the same arguments and it will not be detailed here. □ 


Recall that the Dolean exponential is positive if the martingale has jumps grater than —1. 
Conditions for uniform integrability can be found in e.g. |LM78j . 


Remark 2.17. Whenever expression i2.14\) makes sense, it is a solution of the linear equation 

mw- 


The next result is a comparison theorem for equations of the type (12.1211 . 

Theorem 2.18. Comparison theorem. Consider two linear BSDEs of the form i2.12\) : 

Jt Jm. Jt Jm. 


for i = 1,2. Define 6Yt := , 64>t{z) ■= 4>Y‘’ {z) — and 

fi^\Yl^\4^\z))-fi^\Yl^\4^\z)) 

at[z) :=-- hvt^o, 

bt{z) 

ct{z) := fi‘^\Yl^\4^\z)) - fi^\Y}^\4^\z)). 

Then the process 6Y verifies the linear BSDE: 

-d6Yt= I [at{z)6Yt+ bt{z)64>t{z) + ct{z)]{fi){dt,dz) + f 6(j)tiz)fi{dt,dz) - d6Nt, 

i/ M •/ M 

JFy = ^(i) 

Assume that a and b verify condition (i) and (ii) in Lemma \2.1b\ Assume also that 
and, for any t, ct{z) > 0 P—a.s. Then, for any t, > Y^^^ P—a.s. 


( 1 ) 


d2). 




3 Change of measure: shift transformations 

The various possible scenarios considered are given by all probability measures Q equivalent to 
P obtained by shift transformation, see dni). This is chosen as a feasible set of transformations 
that allow for an explicit evaluation of the Radon-Nikodym density. Hereafter, we study such 
transformations. We observe that, in the presence of time-change, such transformations do not 
lead to a self-preserving structure. As illustration we can see that the doubly stochastic Poisson 
random measure will not be of such structure after the measure change. We also recall that 
such shift transformations, when applied to Levy noises, are actually structure preserving. 

We introduce the Radon-Nikodym density process Zt = Z^, t G [0,T], by 

dZf = Zl- (efdBt + [ ei^{z)H{dt, dz)) , (3.1) 

^ Jro ^ 

yd — ^ 
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for 0 £ 2^ with 6t{0) = 9j^ and 6t{z) = 9t^{z), z G Mq; and 9^{z) > —1 P x A — a.e. 
An explicit strong solution of (13.ip is obtained by application of the ltd formula: 


'yO 

Zt =exp 


+ 


+ 


fi 

Jo JRc 

fl 

Jo JRc 


ln[l + 9^iz)]-9^iz) 


v{dz)\^ ds 


hi\l + 9f{z)\H {ds, dz) I, t G [0, T]. 


Since we have assumed 9l^{z) > —1 Px A—a.e., we know that In + and the stochastic 

integration are well-defined. A generalized version of the Novikov condition, see |LM78j . ensures 
uniform integrability of Z. 

Theorem 3.1. Let B and H be as in Definition \2.1\ with respect to P. Assume that Zt = Zf, 
t G [0,2], with 9 G 2(j, is a positive uniformly integrable (G,P) —martmg'a/e with E[Z|.] < oo, 
and define the probability measure Q, equivalent to P, by 


Define 


and by the dynamics 


dQ 

dF 


= Zj'. 


dBf := dBt - dAf, 

H^{dt,dz) := H{dt,dz) — 9^{z)A^ {dt,dz), 

where we recall that A'®(dt,{0}) = dAj^ = Xfdt and A^{dt,dz) = v{dz)X^dt. Moreover, for 
any bounded predictable fi such that fit{z)A^{dt,dz) < oo, P—a.s., define the process 

Alf{fi)\= f f fis{z)H^{ds,dz), 0<t<T. 

Jo Jro 

Then B^ is a continuous {G,Q)-martingale and a time-changed [G,Q)-Brownian motion. Also, 
M^{fi) is a {G,Q)-martingale, where is a {G,Q)-martingale random field. 

Moreover, if 


Eq 


sup \[B\M\fi)]t 
Lte[o,r] 


< oo. 


(3.2) 


for fit{z) = lA{t,z), A G i3[o,T]xRo- = -®[^^(‘^)] < oo, then B^ and M^{fi) are strongly 

orthogonal under Q. 

We recall that two G-martingales with values in 2^(Q) are strongly orthogonal if their product 
is a uniformly integrable (G, (Q)-martingale or, equivalently, if their quadratic variation process 
is a uniformly integrable (G, Q)-martingale. 


Proof. With e G [0,1], define 


Xt:=eBt + M!{fi). 
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We have 


dX^ = —aldt + edBt + / 'ipt{z)H{dt,dz), 

J Mg 

where 

at = Af + f ipt{z)Of^{z)i'{dz)X^. 

J Mg 

From Lemma 1.27 in [0SO7] , we know that if ZtX^ is a local (G, P)—martingale, then X^ is a 
local (G, Q)—martingale. From Definition 1.28 and Example 1.29 in |0SO7| . and recalling that 

dZt = Zt- (efdBt + [ e^{z)H{dt, dz)], 

V Jro / 

we get the following: 

d{ZtX^) = Zt-dXl + Xl-dZt + dZtdXl 
= Z,- l^e + Xl.9f^dBt 

+ z,- [ (x^.e{^{z) + Mz) + Mz)o{^{z))H{dt,dz). 

Jm.0 V / 

Thus, X^ is a local (G, Q)—martingale for all e G [0,1]. In particular, X^ = M^i^) is a local 
(G, Q)—martingale. Moreover, Bf = Xl — is also a local (G, Q)—martingale. 

Since B^ is a continuous local martingale (Bq = 0), with quadratic variation [B^,B^]t = 
\B, B]t = Kf (the quadratic variation is invariant under equivalent measure change), then B^ is 
a time-changed (G, Q)-Brownian motion, see Theorem 16.4 in |Kal97] . Hence, it is also a doubly 
stochastic Gaussian measure as in Definition 12.11 
As for M®('i/:), we can see that its quadratic variation is 

[M\^l;),M\^l;)]t= f [ i^l{z)H{ds,dz). 

0 J Mg 


Now, let iptiz) = l(o,t]x_B(^! for ^ G [0;^] and B G Hrq. Then, 


Ef 


= E, 

= E 


[M\^lj),M\'il;)]T =Eq r [ ^o,t]xB{t,z)Hidt,dz) 

Jo J Mg 

/ / ^(o,t]xB{t,z)H{dt,dz) 

J 0 Mo 


Zx 


By Holder’s inequality, we have that 


Ef 




< nzi] 


1/2 


E 


H'((0,f] X Bf 


1/2 


< oo. 


(3.3) 


Hence is a (G, Q)- martingale, see e.g. Corollary to Theorem 27.11 in |Pro05] . Denote B 

a semi-ring generating Brq. We can regard the u—algebra B(o,r] as generated by the semi-ring 
of intervals of the form (s,t], where 0 < s < t < T. The cr—algebra B(o,t]xRo is generated by 


15 




















the semi-ring of sets {s,t] x A, where A £ B. For an element (s,t] x ^ in the semi-ring, let 
4’ = l(o,t]x^- Then we have 

X A) = M^i:) - Mf (V^). (3.4) 

By (13.3h and ()3.4h is a—finite on the semi-ring P—a.s. (equivalently Q—a.s.), hence we can 
uniquely extend (|3.4p to the u—algebra B[o,t]xRo’ Theorem 11.3 and Theorem 10.3 in |Bil95| . 
Hence, has the (G, Q)-martingale property, conditionally orthogonal values with respect to 
(G, Q), and its variance measure is cr—finite. is clearly G—adapted by its definition, and 
is additive and cj—additive in T^(Q) by its integral form and the condition on 9^. In conclusion, 
is a (G, Q)-martingale random field with conditionally orthogonal values. 

Finally, we show that and M^('0) are strongly orthogonal under Q, for ip = 1 a with A £ 
B[o,t]xRo- iti{A) = E[A^(A)] < oo. In fact, observe that 





Ia(s, z)H^{dt, dz) 



9^ {z)H{ds,dz) 


t 


Then 


B 




B, 



0 J Mq 


lA{s,z)H{dt,dz) ) = 0, 


as a consequence of A5) in Definition 12.11 From this we know that [B^,M^(^)]t is a Q-local 
martingale and, by (|3.2p and Theorem 51.1 in |Pro05j . we get that [B^, (ijj)] is a uniformly 
integrable Q-martingale. Then Bf and are strongly orthogonal square integrable mar¬ 
tingales. □ 


Remark 3.2. If (j3.ip is defined with 9 € Ip, then is an ¥-adapted process. In this case, 
the fields B® and would be strongly orthogonal {¥,Q)-martingale random fields in the sense 
discussed above. 


Note that is not a doubly stochastic Poisson random field under Q, in general. 

Corollary 3.3. Let and Z be defined as in Theorem \3.1\ If the stochastic field 9^ is 
deterministic, then is a {G,Q) —centered doubly stochastic Poisson random field. Moreover, 
if 9f{z) = 9^, then the new jump measure and the new time distortion process are given by 

v^{dz) = v{dz), Af(w) = {1 + 9^}\t{uj). 


If9^{z) = 9^{z), then the new jump measure and the new time distortion process are given by 

u^{dz) = {1 -I- 9^{z)}u{dz), Af(a;) = At(w). 

Proof. This can be shown by studying the characteristic function (under Q) of R^(A) for A G 
B[o,T]xRo- 
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4 Hedging under worst case scenario 


In this section we define explicitly the set of scenarios Qm considered in the definition of the 
risk measure in dni): 

:= esssup Eq[ - tG[0,r]. 

QgQm 

We consider the cases of information flow given by M = G,F. Considering the agent’s per¬ 
spective, it is natural to choose the hltration F as model for the information flow. In fact G 
carries the information of the whole process of stochastic time-change, which would be a form of 
anticipating information embedded in the information flow not reasonably available to an agent. 
We study the optimisation problem (|1.7p in both cases on the market (|1.2p - (ll.3l) with the F- 
adapted coefficients r, a, a, 7 . 

Definition 4.1. Let the process Zt, t G [0, T], be a {Wl,¥)-martingale defined by 

dZt = Zt- (efdBt + j e^{z)H{dt, dz )\, 

J Mq 

^0 = 1 ; 

for 6 € Xq (with the notation OfiO) = 0^ and Ofiz) = (z) for z G MqJ CLnd 0(^{z) > — 1 
F X A — a.e. Consider the cases such that Zt G L^(P) and id. Up is satisfied. Moreover, for 
K>{), 

\ef\f\<K, 0 < A:-z, z gMo, Pxdt-a.e. (4.1) 

Then the set of admissible scenarios is given by: 

Qm := {Q ~ P I = Zt, 6 G Xm}, 
where the Radon-Nikodym derivative are of the type above. 

We remark that Qm is a convex set. Moreover, Qp C Q<q. 


We recall that the hedging problem considered o, with the chosen risk measure dni) , trans¬ 
lates to the problem (II.7p : 

(4.2) 


Yt = ess inf ess sup Yfi 

ttGUm QsQm 


with 




5 - rsdsp, _ g- // 


3 /t '"^‘^^TT^asdBs 


r 

f j e-fM-’^^7rsjs{z)H{ds,dz) 

Jt JRn 


Mt 


Hence, a solution to (II.7p is given by (tt, Q) G Hm x Qm such that 


Yt = YY^ = 


g- Jfi Tsdsp _ / e- - r,)ds 


3 /t '^-^^’^TTgasdBs 


/; 

f f e“'^W“'^“7r^^^(2;)#((is,d2;) 

Jt 4Ro 


Mt 


, tG[0,r]. (4.3) 
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Analogously, we define the set of admissible portfolio IIm with respect to the hltrations M = F, G. 
Definition 4.2. The portfolio vr : [0, T] x ^ M is admissible if 
(i) > -1 P-a.s., 


(a) TT is M.-predictahle such that there exists a unique strong cddldg M.-adapted solution V" to 


the dynamics (II.4p on [0,T], 


(in) for all Q € Qm 


Eq |7 rt7t(z)pz^(dz)Af dt < oo. 



Note that IIm is a convex set. 

The solution to the problem (|4.2I) is studied via BSDEs and the comparison theorem. The two 
hltrations lead to different types of BSDEs. 

4.1 Flovv^ of information G 

Eirst of all we consider the hltration G and the corresponding stochastic process: 





■T 



I 


7rs^s{z)H{ds,dz) Qt , 


where tt G Be and Q = Q® G Qjj. By Theorem 13.11 dehne the G-martingale random helds: 

dB^ :=dBt- efxfdt, 


and 


H^{dt,dz) := H{dt,dz) — {z)n{dz)X()^dt. 


So when M = G, takes the form: 



(4.4) 
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Hence 


g- /o ^ 


^-forsdsF_ f e"-/'o 

Jo 

■^B \B 


{as-rs) + crs0s K + / ls{z)6s {z)i^{dz)X^ ]ds 

t 


Qt 


(4.5) 


+ [ e Jo^~'^^TTs({as-Vs)+ (7s9s>^f + [ 'ys{z)9s{z)v{dz)\^'\ds. 

Jo V Juo J 

The martingale representation Theorem 12.91 applied to 

^ So rsdsF _ f So rudu^f y ^^qB^B y f r^^(^z)9^{z)v{dz)\^\ds (4.6) 

-/0 \ ^Mq / 

gives us the existence of the G-predictable integrands Z'^'^ and for the two corresponding 
stochastic integrals, so we have 

= Eq[^|J')^] + / / [ U^’\z)H\ds,dz) 

Jo Jo Jro 

+ f e~Jo^'^^^TrJ{as-rs) + as9fXf+ [ 'ys{z)9^{z)v{dz)X^'\ds. 

Jo V 4Ro / 

The Ito formula allows to obtain the linear BSDE 


dY^'’^ = + TTti^t - + (^tcrt - e^o 6»f A; 

+ (^T^at{z) - eJo 9^{z)v{dz)X^'^ dt 

+ eJo + [ eJo ^'^^^Ut’\z)H{dt, dz), 

iMn 


(4.7) 


= F, 


the solution of which is guaranteed by Theorem 12.141 thanks to (14.11) . The generator of this 
BSDE is: 

(A, y, z, u{-),Tr, 9) = — yr — {y — r)7r — (ttcj — eJo z)9^X^ 

— f {7rj.{x) — eJo''‘‘^^u{x))9^{x)u{dx)X^. (4.8) 

JRn 


The min-max type of problem corresponding to (IMD arises in stochastic differential games. 
With the comparison Theorem 12.151 in hands, we can justify the proof of the following result 
due to [0Slla| in our setting for the driving noises considered in this paper. 

As short hand notation, denote g{TTt,9t) = g.{X,y, z,u{-),TTt,9t). The solution of a BSDE with 
standard parameters {^,g) is denote by {Y,Z,U), for an optimal 9 the solution is denoted by 
(y^^, Z'^, W^), and for an optimal vr the solution is then (y®, Z®, U^). The solution given in the 
case g{^t, 9t) is denoted (y, Z, U). 

Theorem 4.3. Let (^, g) he standard parameters. Suppose that for all {to, t, A, y, z, u) there exist 
TTt = vr(a;, t, A, y, z, u) and 9t = 9{uj, t, A, y, z, u) such that for all admissible portfolios tt G Hg 
and all admissible probability measures Q = Q® £ Qg; we have: 

g{^t, 9t) < g{Trt, 9t) < gint, 9t), (4.9) 
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for a.a. Assume that the conditions of Theorem \2.15\ hold. Suppose -it and 0 are admis¬ 

sible, and suppose that for all admissible (vr, 6) there exists a unique solution to the BSDE with 
g{TTt,9t)) as terminal condition and generator, respectively. Then 

Yt = Yt^ = ess inf =:Yt = ess sup | ess inf I = ess sup 1"/. 

Ti-enc QeQG I J qsQg 


Proof. The proof is due to [0Slla| . By applying the comparison theorem to the solutions of the 
BSDEs of the couples of standard parameters {F, g{7rt,9t)), {F, g{TTt,9t)), {F,g{'Kt,9t))-, by (|4.9h 
we get that T/ < Yf'’^ < Yf^, for all admissible (vr, 0), thus: 

For all 9: Yf < ess inf F x dt — a.e. (4-10) 

7r€n 

For all vr: ess sup < Yf^ F x dt — a.e. (4-11) 

eeQ 

From definition of essential supremum and (|4.inp . we get 

Yt < ess sup y/ = ess sup ( ess inf Yf^'^ 

QeQc QsQg V 

From (14.lip and definition of essential infimum, we get 

Yt = ess inf | ess sup 1 < ess inf < Yf 
ttSHg [ QgQg J ttSHg 

Hence, we obtain the following chain of inequalities: 

Yt = ess inf | ess sup Yf^’^ 1 < ess inf Yf^ < Yt 
ttGUg [ QgQj, J Trenc 

ess inf YT'^ 

Trenc 

Since sup(inf) < inf (sup) we get equality between all terms. □ 


^ ess sup. 
QsQg 


We shall apply this result. The generator (|4.8H satisfies the conditions of g^'^^ in Theorem 12.151 
In fact for an admissible probability measure and an admissible vr, we have: 

9t{\y,C,u{-),TTt,9t) 

= -yrt-T^t at-rt +at9f\^ + f 'yt{z)9^ {z)v{dz)\^ 

Mq 

J Mq 

Moreover, condition (14.9p leads to the study of the equations 

The determinant of the Hessian is null, and these equations correspond to a critical point. Recall 
that Qq and H^j are convex. These yield to the characterising equations for the optimal solution. 


Summarising, we have the following result. 
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Theorem 4.4. Let the reference filtration be G. //(7r,(Q) e IIg x Qq satisfy the equations: 


= 0 , 

f Lfo i^{dz)X^ = 0 , 

JRo ^ ' 

{at - n) + (TtOfXf + [ -it{z)e^{z)u{dz)Xf = 0, 
jRn 


(4.12) 

(4.13) 

(4.14) 


where {Z,U) € I<q the integrands in the integral representation (Theorem 2.1): 


rZsdBt+ r f Us{z)H\ds,dz), (4.15) 

^ Jo Jo JRo 

then (vr, Q) is the optimal solution of the problem (UBI). The optimal price process Yt = = 

Yt, t G [0,T], is given by: 


Yt = E, 


pT ^ pi p 

^-Jfirsdsp_ e^o- / / e^o^^^^Us{z)H\ds,dz)\gt 

Jt Jt J’Rq 


(4.16) 


where 


dBf := dBt - OfXfdt 

is a {G,Q)-martingale and a time-changed Brownian motion, and 


H^{dt,dz) := H{dt,dz) — {z)v{dz)X(^dt. 

is a {G,Q)-martingale random field orthogonal to B^. Under probability measure P, the optimal 
price process follows the following dynamics: 

dYt=(Ytrt + '^t{at-rt))dt + TrtatdBt+ / Trt'yt{z)H{dtdz) 

^ ^ J^o (4.17) 

To =E^[e-fortdtp^pA^_ 

On the other side, if (tTjQ) G IltG x Q<q is an optimal solution, then the equations (|4.12p - (|4.14l) 
are satisfied. 


Remark 4.5. ITe observe that the optimal strategy {'k,V'^,C'^) is then given by the process 
TT as characterised above, the value process from (m has the initial value v = Vq = 
and the initial cost Cq = Ei^[e~-^o — Ei^[e~-l^o '^tdtpj qtt _ q 

fortG{0,T]. 

Remark 4.6. Observe that the optimal Q is a martingale measure for the optimal price process 
Y. In fact from (14.161) . we have that 

e-fo-sd^Yt = E^[e-fo^^‘^^YT\Gt]. 
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4.2 Flow of information F 


In the case of flow of information F, we see that the problem (ILZD leads to a different type of 
BSDE than the one considered so far. 

Recall that dz) = dz) + l’s^Q{z)H{dt, dz), is an (F, F)-martingale random field and 

that its conditional variance measure is: 

{^){dt,dz) = 6^Q^{dz)\f ds + l-RQ{z)v{dz)\^ ds. 

Moreover, by Theorem 13.11 we define the (F, Q)—martingale random field, /r®, by 

H^{dt, dz) = fi{dt, dz) — I3t{z){fj,){dt, dz), (4-18) 


where fi is given by: 


/3t{z) := ej^l^oyiz) + {z)1r^{z). 


Hi 


Note that (//) = (/i 


d\ 


Let us consider the process under filtration F for vr G Hp and Q E Qw- 

rT 




e- St _ / g- // - r,)ds 


e ^'"'^'^TTsCrsdBs 


r 

f f e-^trudu^^^^{z)H{ds,dz) 
Jt JRn 




(4.19) 


Then, by direct computation and using Theorem 12.101 we obtain the following equalities: 


So rsdsv^S 


=-/o^ rsdsp _ 


f! 

JQ J'R 


- So 


+ 7^(^)6'f ( 2 ) 1 ro( 2 :) 


{n^){ds, dz) 


TT. 




(a^ -r^) +a^6lf )l{o}(2;) 


+ 


fl 


/o rudu 


+ is{z)e, (z)Iko(^) 


=Ef- 


+ 


{fi^){ds, dz) 

^0+ [ [ Ztl{o}iz)+ Utiz)luoiz)fi^idt,dz) 

Jo Jm. 

(^{as - Ts) + <Ts9f'^l{o^{z) 
{fj.^){ds, dz). 


Ft 


fl 


Jo rudu 


Equivalently, 


+ ls{z)9^ (z)Iko(z) 


e-^oTsdsy^n^d =EQ[Co|-Ft] + 


+ 


fl 


Jo rudu 


+ lsiz)9^ {z)1ro{z) 


Zsl{ 0 }{z) + Us{z)lMo{z)fi^{ds,dz) 
(^{as - Ts) + (Ts9f'^l^o}{z) 
{fj.^){ds, dz). 
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Recall that the random variable G is orthogonal to the stochastic integrals. The 

equation above, together with (|4.18j) . yields the BSDE: 


= - 


j I - nYt - TTtiat - n) + Of{e^o rsds^^ _ 


+ \ elorsdsu^(z) - natiz) Uf (^)lMo(^) 


dz) 


+ 




fj,{dt, dz) 


(4.20) 




=F. 


We remark that EQ[^o|-^i]) t S [0,T], is an (F, Q)-martingale orthogonal to /r^. Thus the process 
fg e-^o ’'“'^“(iEQ[^o|-^s]) i S [O;^]) is an (F, Q)-martingale orthogonal to /i®. By direct computation 
that this process is also an (F, P)-martingale orthogonal to /j,. In fact, for A G 13(M), we have 

Jo Jo 

+ ( [ e/o'■“''“dEQ[Co|-^.], [ [ ^t{z)d{fM){dt,dz)) = 0. 

Jo Jo Jr 

Another way to look at (|4.19l) is by application of Theorem 13.11 In fact, setting '■= e~ -^o 
t G [0, T], we have: 




/: 


iPtF - / 'ijjsTT. 


=E(r 


i: 


iIjtF - / 't/jsTT. 


{as - rs)ds - asdBs - f ^s{z)H{ds,dz) 

■/Mq 

(a<j — rs)ds + (Ts ( dBl + Ofxfds 


Ft 


+ / 'ys{z)[ F['^{ds,dz) + 9^{z)i'{dz)X^ds 


kH, 


Ft 


By use of the martingale property, we get 


=Ec 


iPtF - J iJsT^s +O's6'f^l{0}(^) 


+ 'ysiz)0s (^)1 ro( 2) 


{M){ds, dz) 


Ft 


(4.21) 


With dQ = ZTdP and Zt = £t{Jq /3siz)fJ.{ds, dz)) , we recognize (I4.2ip as the solution of the 
linear BSDE of type, cf. (|2.14l) : 


= E 


^F- 

Jt 


I X1,0,W 


+75(2;)6»^(s,z)1ko(2;) 


(/r)(ds, dz) 


Ft 


Here we recall that r is bounded, 9 Gl^ so that Q G Qw, and ()1.5h holds. By Lemma [2. 161 and 
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Remark 12.171 the P-dynamics correspond to 


= - 


-rt'\-{ 0 }iz)Yt + e^ l{oy{z)Zt + e^ {z)lR^{z)Utiz) 


TTt 


{at - n) + at9^ ) 1 ( 0 }( 2 ) + lt{z)9^ (^) 1 ro ( 2 ) 


H! 


{fj,){dt, dz) 


(4.22) 


+ / Ztl{o'^{z) + Ut{z)lM.o{z)fJ.{dt,dz) + dNt 


=F, 


where N is an (F, P)-inartingale orthogonal to //. Comparing (I4.22h and (|4.20|) . We see that 

Ut{z) = efo-‘<i^Ut{z), 

Nt= [ (iVo = 0). 

Jo 

We can state the corresponding result to Theorem 14.31 for the case of information flow F. Set 
f{iTt,9t) := ft{X,y, z,u,7rt,9t) as short-hand notation. 

Theorem 4.7. Let (^, /) be standard parameters. Suppose that for all (w, t, A, y, z, u) there exist 
TTt = 'K{u},t, X,y, z,u) and 9t = 9{io,t, X,y, z,u) such that, for all admissible portfolios tt G IIf 
and all admissible probability measures Q = Q® G Qf, we have: 

fi^t, 9t) < fin, 9t) < fin, 9t), (4.23) 


for a.a. {iv, t). Assume that the conditions of Theorem \2.1 A hold, and that t: and 9 are admissible. 
Suppose that for all admissible (vr, 9) there exists a unique solution to the BSDE with (^, /(vr^, 9t)) 
as terminal condition and generator, respectively. Then 

ess inf Yf^’^ \ = ess sup Yf. 

Trenp J qsQf 

Proof. The argument is the same as for Theorem 14.31 but rely on the comparison theorem in 
the case F. □ 


Yt = ess inf Yf^ =:Yt = ess sup 


TTgriF 


QsQf 


From the BSDE in ()4.22p . we can see that 

ftiy,C,ui-),TT,9) = -{ - ny - nin - rt) + 9^ic - 'Kt(yt)^i{o}iz) 

+ |u(z) - nitiz)^9^iz)l^Qiz), (4.24) 

where {p,)idt,dz) = d^ojidz)X^is)ds + lRg(2)z^((iz)A^(s)(is. So we obtain 

g i\y,C,ui-),TT,9) =\ -ry-7ria-r)-9^Tra\x^ - [ 7r'yiz)9^iz)nidz)X^ 

^ Jro 

+ 9^CX^+ [ 9^iz)uiz)uidz)X^. 

We observe that BSDEs of the type (|4.22l) with (|4.23l) satisfy the conditions of Theorem 12.181 
In the same way as for Theorem l4.4l condition (14.231) yields to the study of saddle points. Hence 
we obtain the following result: 
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Theorem 4.8. Let the reference filtration he F. If (tt, Q) G IIf x Qjt satisfies the equations: 


= 0 , 

[ Lfo - Ttat{z)) ^{dz)X^ = 0 , 

J*0 ^ ^ 

{at - rt) + (TtOfXf + f -it{z)9^{z)v{dz)Xf = 0, 

jRn 


(4.25) 

(4.26) 

(4.27) 


where {Z, U) G Ip the integrands in the integral representation: 

pT r'^ r 

/ ZsdBi+ / / Us{z)H\ds,dz), (4.28) 

Jo Jo Jrq 

and ^0 S L‘^{I},iF, Q) is a random variable orthogonal to the stochastic integrals (cf. Theorem 
\2.1(M . then (vr, Q) is the solution of the optimisation problem (14.21) . The optimal price process 
Yt = = Yt,t£ [0,r], is given by: 


yt = ^( 

where 

and 


o- fl rsdsp _ 


- [ [ e^oy^'i^ufiz)H\ds,dz)\J^t\, (4.29) 

Jt Jrc 


dB^t := dBt - efxfdt, 


H^{dt,dz) := H{dt,dz) — 9^{z)v{dz)X^dt. 

These are orthogonal {¥,1^)-martingale random fields. Under probability measure P, the optimal 
price process has the following dynamics: 


dYt =(Ytrt + ^{at - rt)^dt + TTtatdBt + J Ttt'yt{z)H{dt, dz) + e-^o 


Yo=E^[e-fo^^^^F]. 


(4.30) 


Remark 4.9. We observe that the optimal strategy (vr, V^, C") is then given by the process n as 
characterised above. The wealth on the market has the initial value Vq = v = £'^[e“-^o ndtpj^ 
and the cost is a process Cf , t G [0, T], given as follows. Observe that 

dYt = dVfi + {Yt - Vfi)rtdt + edo-^^^dE^[io\Tt], 

then 

dCf = Cfrtdt + efo J-t]; Cf = 0. 

which results in Cf = eJo ~ 

Remark 4.10. Observe that the optimal Q is a martingale measure for the optimal price process 
Y. In fact, the price process is given by: 

e- So = E^[e- So ^^'^^YrlEt]. 

Remark 4.11. The characterizing equations (l4.12D - (l4.14p and (14.25p - (14.271) are formally the 
same, being the difference on the measurability properties of the processes involved. Denote 
Qg = G Qg in Theorem If.fl and Qp = S Qf in- Theorem |C<St From equations (j4.14p and 
(|4.27p combined with Theorem \3. 11 we can see that Q([j|p = Qp. 
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5 Conclusions and example 


With the intent of finding a hedging strategy in the incomplete market (nai-disi) we have 
studied the optimization problem (|1.6p . We have developed the solution using BSDEs and their 
comparison theorems, for this we refer to [DS14| and [CFSOSj . of which we adapt the results. 
For our approach it is crucial the result of [0Slla] developed for stochastic differential games. 
Indeed we have transformed the hedging problem under model uncertainty in a min-max type 
problem dLZD by exploiting the explicit representation of the risk-measure considered m- 

The noises considered are naturally linked to two different filtrations. The filtration G captures 
all the statistical properties of the noises, allowing to exploit the underlying Gaussian and 
Poisson structure, see Definition EH The filtration F is substantially the filtration generated 
by the noises. We study the problem (HHI) with respect to both situations and we observe 
that Tt = Gt- Correspondingly, we have proposed two BSDFs related to the the two filtered 
probability spaces. The terminal condition is the same. The results obtained show differences 
in terms of adaptability of the solutions and the structure of the solution itself, cf. (I4.17p and 
(ICTD . 

Both set-ups lead to hedging strategies (tt, C^) with presence of cost process. In the case of 
G, the cost process accounts for the anticipated knowledge of the time-change. In the case of 
F, the cost process represents the spread between the perfect hedge and the best self-financing 
strategy. Here the distances are evaluated in terms of the risk-measure O)- 
From the methodological point of view, we remark that the BSDFs presented for the study 
in the case of filtration F are based on the properties of the martingale random fields and we 
recall that our noises are martingale random fields with respect to both filtrations. In fact in 
this framework of general martingales we can see the correspondence between the two set-ups 
generated by the two filtrations. 

As explained earlier, from a financial modeling perspective it is better suited to consider the 
information flow given by F. 

Example 5.1. Toy example. Let e~-^o is measurable (r deterministic). 

In the information flow G, the integral representation ()4.15p shows that the optimal integrands 
{Z,U) S X(G are null and that the optimal strategy presents vr = 0, and v = -^o 

Here the values (6^,6^) for the probability measure Qj; = € Qg are given by (|4.14p . See 

Theorem \4.4\ The cost process is Cq = e~_ ]E^^[g-/o ndtpi^^ pn _ ^ g (0,r]. 

Consider the case of information flow F. Denote Hf C L^(D,T', Qf) and Hg C T”, Qg) 

the spaces generated by the integrals 4>tiz)fj.{dt, dz) for all (j) and 4> G Zg, respectively. 

Being Qf = Qg|f fsee Remark \4.11\) , then Hf C Hg. Hence, 

y, Qg) © Hf D l2(D, .T, Qg) 0 Hg 9 e" io" 

Hence 4 = and {Z, U) = 0 in the representation (|4.28p . The optimal strategy is then 

7r = 0,v = E^^[e-fondtp^^ pn ^ E^^[e-So ndtp^p^^ ffl ndtp^^ ^ ^ 


In line with Bemarks 14.61 and 14.101 we see that the optimal measures Qf and Qg are risk-neutral 
in the given market. In fact, applying (I4.14p or (|4.27p . i.e. 

{at - rt) + atO^ + [ 'ytiz)0^{z)iy{dz)Xt = 0, 

</Mq 
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we have 




(at - rt)dt + atdBt + / 'yt(z)H(dt,dz) 
•^Mq 

atdBf + f -ft(z)H^(dt,dz) 

JKn 


This result is consistent with the observations of |0Sllb] in the context of dynamics given by a 
jump diffusion and in the literature related to risk-minimizing strategies. 
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